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The measurement of a quantum system is often performed by encoding its state in a single observ-
able of a light field. The measurement efficiency of this observable can be reduced by loss or excess
noise on the way to the detector. Even a quantum-limited detector that simultaneously measures a
second non-commuting observable would double the output noise, therefore limiting the efficiency
to 50%. At microwave frequencies, an ideal measurement efficiency can be achieved by noiselessly
amplifying the information-carrying quadrature of the light field, but this has remained an exper-
imental challenge. Indeed, while state-of-the-art Josephson-junction based parametric amplifiers
can perform an ideal single-quadrature measurement, they require lossy ferrite circulators in the
signal path, drastically decreasing the overall efficiency. In this paper, we present a nonreciprocal
parametric amplifier that combines single-quadrature measurement and directionality without the
use of strong external magnetic fields. We extract a measurement efficiency of 62+17−9 % that exceeds
the quantum limit and that is not limited by fundamental factors. The amplifier can be readily
integrated with superconducting devices, creating a path for ideal measurements of quantum bits
and mechanical oscillators.
To measure the state of a quantum system, one typ-
ically entangles it with an auxiliary quantum system, a
‘meter’, that in turn can be easily measured with a clas-
sical apparatus [1, 2]. Non-idealities in the meter mea-
surement, such as dissipation and excess noise, are quan-
tified by a single parameter: the measurement efficiency,
0 ≤ η ≤ 1. While state estimation can be achieved
with high fidelity even with limited measurement effi-
ciency [3], a highly efficient measurement is critical for
controlling the quantum system, enabling, for example,
analog quantum feedback [4–6] and measurement-based
entanglement [7, 8].
In superconducting microwave devices, the quantum
information — e.g. the state of a quantum bit or the po-
sition of a mechanical oscillator — is typically encoded
in a single quadrature of a microwave field [9, 10]. The
measurement of this meter takes the form of amplifica-
tion, necessary to overcome the noise of room tempera-
ture electronics. State-of-the-art measurement schemes
rely on Josephson-junction based parametric amplifiers
as the first stage of amplification [4, 8, 11–14]. While
these amplifiers can in principle have ideal noise perfor-
mances, in practice they require additional components
in the signal path that significantly reduce the overall
system measurement efficiency. Most importantly, these
amplifiers are reciprocal and therefore require multiple
microwave circulators to route amplified microwave sig-
nals away from the quantum system and toward the mea-
surement apparatus. Microwave circulators break reci-
procity using the Faraday effect induced by large mag-
netic fields[15] that are incompatible with superconduct-
ing devices, thus requiring additional wiring with long
coaxial cables and multiple connectors to physically sep-
arate them from both the quantum system and the ampli-
fier. Highly optimized measurement chains have demon-
strated efficiencies around 0.5 to 0.7 [12, 14], leaving little
room for further improvement.
Recently, amplifiers breaking reciprocity without the
use of strong magnetic fields have been developed, in an
effort to directly integrate them with superconducting
quantum devices to maximize measurement efficiency.
Among these efforts are traveling wave amplifiers [16]
and multi-mode amplifiers [17–19]. While all of these
approaches meet the requirements for gain, bandwidth,
dynamic range, and integrability, they also amplify, i.e.
measure, both non-commuting quadratures of the mi-
crowave field (known as phase-preserving amplification).
As a result, the output noise doubles [20], effectively
putting a quantum limit of on the measurement efficiency
at 0.5 [21]. Realizing a single quadrature measurement
(known as phase-sensitive amplification) with a nonre-
ciprocal amplifier has been a long-standing challenge and
has, so far, only been proposed theoretically [22].
Here we report on the novel theory and first experi-
mental implementation of a phase-sensitive nonrecipro-
cal amplifier. Based on a Field-Programmable Joseph-
son Amplifier (FPJA)[19], it utilizes four parametric
pumps to achieve ≈ 24 dB of quadrature gain with a
7 MHz bandwidth, near-unity transmission in the re-
verse direction, with both input and output impedance
matched to the 50 Ω environment. Using a self-calibrated
noise source we extract a measurement efficiency of η =
0.62+0.17−0.09, exceeding the quantum limit of 0.5 for phase-
preserving amplification. Straightforward improvements
could enable efficiency of more that 0.95.
Conceptually, the device in this work can be under-
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FIG. 1. (a) Schematic of a generic nonreciprocal phase-sensitive amplifier. A signal incident at the input is phase-sensitively
amplified toward the output, while in the reverse direction, a signal is transmitted from output to input with unity transmission.
(b) Typical physical implementation of (a) using a Josephson Parametric Amplifier (JPA), providing phase-sensitive reflection
gain, and a ferrite circulator, ensuring signal flow from input to output. (c) Frequency-space diagram showing the density of
states (DoS) for the JPA. A strong pump of frequency ωpaa = 2ωa amplifies an input signal at the frequency ω
S
a = ωa + δa and
generates an idler at the frequency −ωIa = −ωa + δa. (d) All-parametric physical implementation of (a). The ferrite circulator
in (b) is replaced by a parametric circulator based on a Field Programmable Josephson Amplifier (FPJA). This device has three
resonant modes: an ‘input’ mode of frequency ωc, a ‘gain’ mode of frequency ωb and an ‘output’ mode of frequency ωa. Input
and output signals are routed to different physical ports by low-pass and high-pass filters (LPF and HPF, respectively). (e)
Frequency-space diagram showing the density of states for the FPJA. Similarly to (c), a strong pump of frequency ωpbb = 2ωb
amplifies a signal and idler at the frequency ωSb = ωb + δb and −ωIb = −ωb + δb. Parametric circulation is obtained using
three frequency conversion pumps with frequencies ωpab ≈ ωb − ωa, ωpbc ≈ ωc − ωb, ωpac ≈ ωc − ωa, satisfying the condition
ωpab + ω
p
bc = ω
p
ac and connecting signals and idlers at ω
S
j = ωj − δj and −ωIj = −ωj + δj (j ∈ {a, b, c}).
stood by analogy with the typical combination of a
Josephson Parametric Amplifier (JPA) and a traditional
3-port circulator, see Fig. 1. Both systems implement
the same generic scattering parameters: a signal incident
at the input gets phase-sensitively amplified toward the
output, whereas a signal incident at the output is simply
routed with unity transmission to the input, see Fig. 1(a).
A JPA consists of a single resonant circuit whose fre-
quency ωa is tunable by the flux applied to a SQUID,
Fig. 1(b) and (c). A strong pump modulates the flux at
a frequency ωpaa ≈ 2ωa, mediating the mixing process be-
tween a signal and an idler of frequency ωSa and ω
I
a, with
conservation of energy dictating ωpaa = ω
S
a + ω
I
a. Physi-
cally, pump photons enable the creation and annihilation
of correlated pairs of signal and idler photons, leading to
direct and idler gain [23, 24]. Importantly, as the signal
and idler tones exist within the same resonance of the sys-
tem, it is natural to consider their linear combinations,
i.e. quadratures of the resonator’s field. The correlations
between signal and idler inherent to the mixing process
lead to quadrature-sensitive gain [23, 24]. However, this
amplifier is reciprocal and therefore requires a microwave
circulator to control the signal flow. In a typical mi-
crowave circulator, three ports are coupled by a circular
ferrite resonator biased by a large magnetic field. Input
signals acquire a phase that, due to the Faraday effect,
depends on whether they propagate clockwise or coun-
terclockwise, leading to constructive interference at the
output port and destructive interference at the isolated
port [15, 25].
By contrast, here we engineer this behavior by pro-
gramming a single FPJA with four parametric pumps to
realize both circulation and phase sensitive amplification,
without any strong magnetic field, see Fig. 1(d) and (e).
The FPJA is a circuit with three resonances (‘modes’)
whose frequencies ωa, ωb, and ωc are tunable by the flux
applied to a single SQUID. As in a JPA, a strong pump
of frequency ωpbb ≈ 2ωb couples a signal at ωSb to its idler
at ωIb, inducing quadrature-sensitive gain. Circulation is
ensured by three pumps, of frequencies ωpab ≈ ωb − ωa,
ωpbc ≈ ωc − ωb and ωpac ≈ ωc − ωa. These pumps provide
the energy needed for the coherent exchange of signal
photons between all three modes (frequencies ωSj , with
j ∈ {a, b, c}), as well as for the coherent exchange of
idler photons between all three modes (frequencies ωIj ,
with j ∈ {a, b, c}). Importantly these pumps satisfy the
condition ωpab + ω
p
bc = ω
p
ac, forming a loop in frequency
space. As in a ferrite circulator, signals traveling clock-
wise or counter clockwise acquire a different phases, now
set by the pump phases φloop = φab+φbc−φac [19]. As an
example, for φloop = pi/2, an input signal around mode c
is converted toward mode b, amplified, and converted to
the output mode a. In the reverse direction an input sig-
nal around mode a is scattered to mode c without gain.
3Finally, input and output signals are routed to different
physical ports using on-chip frequency filters. A complete
theoretical description and details about device fabrica-
tion and amplifier tuning can be found in Supplementary
Information.
To calculate the scattering parameters of the device
we solve the coupled equations of motion (EoM) for
the field amplitudes in the Fourier domain, follow-
ing the graph-based method discussed in [19, 26].
We define the vector of intra-cavity field amplitudes
A = (aS, bS, cS, aI*, bI*, cI*)>, input field ampli-
tudes Ain = (a
S
in, b
S
in, c
S
in, a
I*
in, b
I*
in, c
I*
in)
>, ouput field
amplitudes Aout = (a
S
out, b
S
out, c
S
out, a
I*
out, b
I*
out, c
I*
out)
>,
diagonal matrices for the total loss rates K =
diag(
√
κa,
√
κb,
√
κc,
√
κa,
√
κb,
√
κc), external couplings
Kext = diag(
√
κexta ,
√
κextb ,
√
κextc ,
√
κexta ,
√
κextb ,
√
κextc )
and coupling efficiency H =
diag(
√
ηa,
√
ηb,
√
ηc,
√
ηa,
√
ηb,
√
ηc), where ηj = κ
ext
j /κj .
The EoM can be expressed as KMKA = iKextAin,
where M is the mode-coupling matrix:
M =

∆Sa βab βac 0 0 0
β∗ab ∆
S
b βbc 0 βbb 0
β∗ac β
∗
bc ∆
S
c 0 0 0
0 0 0 −∆Ia∗ −β∗ab −β∗ac
0 −β∗bb 0 −βab −∆Ib
∗ −β∗bc
0 0 0 −βac −βbc −∆Ic∗
 . (1)
The diagonal elements are the normalized complex
detuning terms ∆S,Ij = (ω
S,I
j − ωj)/κj + i/2 and the
off-diagonal elements are the normalized coupling terms
βjk = gjk/(2
√
κjκk) between modes j and k, with
j, k ∈ {a, b, c}. Each gjk = |gjk| eφjk is the parametri-
cally induced coupling rate, proportional to the ampli-
tudes of the pump with frequency ωpjk and phase φjk.
We emphasize the block structure of M, which reflects
the coupling networks and frequency space diagram in
Fig. 1(d): the diagonal blocks correspond to circulation
between the signals and between the idlers, and the anti-
diagonal blocks correspond to amplification between sig-
nal and idler in mode b. Solving these EoM yields the
scattering matrix S, defined as Aout = SAin:
S = iHM−1H− 1. (2)
The device behavior is programmed in four steps.
First, each frequency conversion pump is individually cal-
ibrated to match the conversion rates to the dissipation
rates |gjk| = √κjκk, i.e. βjk = 1/2. Second, all three fre-
quency conversion pumps are turned on, forming an in-
terferometer that completely cancels propagation in the
clockwise or counter-clockwise direction depending on
sum of the pump phases φloop = φab + φbc − φac = ±pi/2
[19]. Third, the frequency conversion rates to mode b, βab
and βbc, are increased in order to overwhelm the loss rate
of mode b, while maintaining |βab| = |βbc|. This yields
high reflection off of mode b and the scattering parame-
ters resemble the case of a JPA on a circulator in absence
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FIG. 2. Measured scattering parameters of the FPJA pro-
grammed as a phase-sensitive directional amplifier (the dots)
as function of the drive detuning δa,c = (ω
S
a,c − ωa,c). The
solid lines are the predictions from Eq.2. The device exhibits
high gain from mode c to mode a, over a 7 MHz bandwidth,
and unity transmission in the reverse direction. The device
is impedance matched, with return loss exceeding 10 dB over
a 3 MHz bandwidth for mode a and 10 MHz bandwidth for
mode c.
of gain. As we will discuss later, this step is critical to
obtain low added noise, preventing the signal of interest
from dissipating in mode b and being replaced by uncor-
related vacuum noise. Finally, the amplification pump is
turned on. In the ideal resonant case, neglecting internal
loss and for φloop = pi/2, the simplified scattering matrix
Sac between field amplitudes a
S and cS is:
Sac =
(
0
√
GS
1 0
)
, (3)
where
√
GS = (2s+ r
2 − 1)/(1− r2) and
s =
4|βab|2
1 + 4|βab|2 , (4)
r =
2|βbb|
1 + 4|βab|2 , (5)
with 0 ≤ r, s ≤ 1. Physically, s represents the ratio
between the conversion rates to mode b and the total
dissipation rate of mode b, while r represents the ratio
between the amplification rate of mode b and the total
dissipation rate of mode b.
Experimentally we start by fixing a flux bias point
and measure the modes frequencies (ωa, ωb, ωc) /2pi =
(6.876, 7.932, 10.782) GHz, linewidths (κa, κb, κc) /2pi =
(83, 15, 45) MHz and coupling parameters ηa = 0.99 and
ηc = 0.99. We then proceed to the four programming
steps described above, by comparing the measured scat-
tering parameters to the solutions of Eq.2. The results
are shown in Fig. 2, for |βac| = 0.5, |βab| = |βbc| = 1
(s = 0.8), and r = 0.91, in good agreement with the
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FIG. 3. (a) Quadrature gain and noise rise measured for the
same pump parameters as in Fig.2, as a function of the LO
phase. We observe a quadrature gain of 24 dB and anti-gain
of −11 dB, in good agreement with theoretical predictions
from Eq. 7 (line). The measurement noise floor rises much
slower than the gain, with up to 14 dB of signal-to-noise im-
provement. (b) Estimated system efficiency (dots), error bars
(shaded area, dominated by the uncertainty of the calibration
of nchainadd ), and theoretical predictions from Eq. 8 (lines), as a
function of the quadrature gain.
solutions of Eq.2. The device exhibits a direct gain of
18 dB in the forward direction (with a 7 MHz band-
width), unity transmission in the reverse direction and
is impedance matched to the 50 Ω environment, with re-
turn loss exceeding 10 dB over a 3 MHz bandwidth for
mode a and 10 MHz bandwidth for mode c.
Importantly, note that Sac is only a subset of the
complete scattering matrix S, the latter being neces-
sary to understand the quadrature sensitivity of the gain,
as well as the added noise of the amplifier. By defin-
ing the quadratures of mode a as Xa = (a
S + aI*)/
√
2,
Ya = i(a
I* − aS)/√2, and similarly for mode b and c,
we compute the simplified scattering matrix Qac in the
quadrature basis (Xa, Ya, Xc, Yc), still in the resonant
and lossless case:
Qac =

0 0 0
√
GX
0 0
√
GY 0
0 1 0 0
1 0 0 0
 , (6)
where the forward quadrature gains are given by:
√
GX =
(
2s
1− r − 1
)
,
√
GY =
(
2s
1 + r
− 1
)
.
(7)
The phase-sensitivity is evident, with GX 6= GY . Ideal
squeezing, defined as GXGY = 1 [27], is achieved in
the limit s = 1, i.e. |βab| = |βbc| → ∞, correspond-
ing to frequency conversion rates to mode b overwhelm-
ing its loss rate. Experimentally, starting from the same
pump configuration as in Fig. 2, we measure the quadra-
ture gain by driving a single quadrature at the frequency
ωpbb/2 + ω
p
bc ≈ ωc and demodulating the output using
a mixer and a local oscillator (LO) at the frequency
ωpbb/2 − ωpab ≈ ωa. The results are shown in Fig. 3(a)
and we observe a quadrature gain GX ≈ 24 dB and anti-
gain GY ≈ −11 dB, in good agreement with the theory.
To understand the noise properties of the amplifier,
one needs to consider the full scattering matrix S and
the noise at each port. Indeed, the added noise of a
parametric amplifier always originates from the noise in
additional degrees of freedom. In this work, these degrees
of freedom are the signal and idler in mode b (or equiva-
lently the quadratures Xb and Yb). Intuitively, for finite
values of |βab| the frequency conversion rates to mode b
do not fully overwhelm its loss rate, and noise entering
mode b gets amplified alongside signals entering mode c,
contributing to added noise and limiting squeezing. For-
mally, one can express the added noise of the amplifier
in photon units, nFPJAadd , in the resonant and lossless case,
as
nFPJAadd =
1
8|βab|2
(
1 +G
− 12
X
)2
. (8)
Noiseless amplification is achieved, together with pure
squeezing, in the limit of high conversion rate to mode
b, |βab| → ∞. Experimentally, the system-added noise
referred to the input of the amplifier is nadd = n
FPJA
add +
nchainadd /GX , were n
chain
add = 19.8
+3.2
−3.3 is the noise added by
the measurement chain following the amplifier, calibrated
in a separate experiment using the shot noise emitted
by a metallic tunnel junction [19]. By comparing the
measured noise rise and quadrature gain we extract the
improvement in signal-to-noise ratio and convert it into
an equivalent system-added noise nadd and measurement
efficiency η−1 = 1 + 2nadd. In Fig. 3(b) we show the
measured efficiency η as a function of the quadrature
gain (dots). At low gain, the efficiency is limited by the
following stages of amplification. At high gain the effi-
ciency plateaus, revealing the intrinsic efficiency of the
amplifier, η = 0.62+0.17−0.09, exceeding the quantum limit for
phase-preserving amplification. Data are in reasonable
agreement with the prediction from Eq. 8 (solid line),
within the error bars dominated by the uncertainty of
the calibration of nchainadd .
Looking forward, lower added noise and larger squeez-
ing can be obtained by reducing the dissipation of mode
b, i.e. κb → 0, or by increasing the coupling rates gab
and gbc. The first option is technically limited by the
dielectric loss in mode b, here estimated to be 1−2 MHz.
The second option is fundamentally limited by the sta-
bility of the amplifier [Supp. Inf.]. To prevent free-
oscillation of the amplifier, the amplification rate is lim-
ited to gbb < κa + κb + κc, or equivalently 4 |βab|2 =
4 |βbc|2 < (κa+κc)/κb . This puts a bound on the amount
of squeezing, added noise, and efficiency of the amplifier:√
GY >
κb
κa + κb + κc
, (9)
5nFPJAadd >
κb
2 (κa + κc)
, (10)
η <
κa + κc
κa + κb + κc
. (11)
One can see that the performance of the amplifier only
depends on the ratio between the dissipation rate of mode
b and the the dissipation rates of mode a and c. Straight-
forward improvement of the device design would increase
κa and κc by a factor of two and decrease κb by a factor
of five, leading to a tenfold decrease in added noise and
an efficiency above 0.95. Additionally larger bandwidth
could be obtained by operating at a lower gain, inserting
the device as a pre-amplifier in front of a typical wide-
band and reciprocal parametric amplifier.
In conclusion, we have proposed and experimentally
demonstrated a novel microwave amplifier that is both
nonreciprocal and phase-sensitive, achieving large gain,
low noise, and useful bandwidth. This amplifier is read-
ily compatible with common circuit quantum electrody-
namic architecture, such as a transmon qubit dispersively
coupled to a readout cavity. To this end, one could either
design a device where the transmon is directly coupled
to the input mode of the amplifier, or simply connect the
readout cavity to the input mode of the amplifier.
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I. DEVICE DESCRIPTION
An optical micrograph of the device and the corre-
sponding circuit schematic are shown in Fig. S1. The
device is fabricated using a Nb/Al−AlOx/Nb trilayer
process with amorphous silicon (a-Si) interlayer dielec-
tric. This process is similar to the one described in earlier
work [1], with one difference: the top 300 nm Nb wiring
layer is replaced by a Nb/Al/Nb trilayer, with respective
thicknesses of 8 nm, 8 nm and 300 nm. The thin Al layer
acts as an etch stop for the plasma etch of the Nb wiring
layer, while the thin Nb layer prevents intermixing be-
tween the (a-Si) and Al layers. The two thin layers of
Nb and Al are eventually mechanically removed by ion
milling.
The central element is the FPJA, a lumped element
circuit with three resonance frequencies that all depend
on the inductance of a single SQUID. The resonance fre-
quencies as a function of the flux through the SQUID
are shown in Fig. S2. Resonators a and c are routed to
different physical ports using low-pass and high-pass fil-
ters, forming an on-chip diplexer with a cut-off frequency
around 7.6 GHz.
The mode frequencies were carefully chosen so that
all possible first-order modulation frequencies |ωj ± ωk|
(j, k ∈ {a, b, c}) were well separated. This ensures that a
good rotating wave approximation can be made for each
parametric process. For example, a pump of frequency
ωc−ωa only couples via frequency conversion the signals
aS ↔ cS and the signals aI* ↔ cI*, but no other signals.
II. DETAILED THEORY
In this section we described the calculations of the scat-
tering parameters, output noise and stability of the am-
plifier, following concepts and style of [1].
A. Scattering parameters in the mode basis
The device can be described as three modes with nat-
ural frequencies ωa, ωb and ωc, coupled to each other
via a tunable inductor (the SQUID). We apply four
LPF HPF
SQUID FPJA
FIG. S1. Device picture and layout. (a) Optical micrograph
of the device. (b) Circuit equivalent of the device. The center
element is a FPJA [1] and consists of a SQUID shunted by
a set of inductors and capacitors. The FPJA is capacitively
coupled to ground and to an on-chip frequency diplexer built
by a 9-pole Low-Pass Filter (LPF), on the left, and a 9-pole
High-Pass Filter (HPF), on the right, with a cut-off frequency
around 7.6 GHz.
pumps to modulate the inductance at the frequencies
ωpab ≈ |ωb − ωa|, ωpbc ≈ |ωc − ωb|, ωpac ≈ |ωc − ωa| and
ωpbb ≈ |ωb + ωb|, effectively coupling signals at six differ-
ent frequencies, ωSa , ω
S
b , ω
S
c , ω
I
a, ω
I
b and ω
I
c.
We define the vector of intra-cavity field amplitudes
A, input field amplitudes Ain, output field amplitudes
Aout, diagonal matrices for the total loss rates K, exter-
nal couplings Kext and coupling efficiency H:
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FIG. S2. Process spectroscopy. (a) Mode frequencies ωj , and
first-order modulation frequencies |ωj ± ωk| (j, k ∈ {a, b, c})
as a function of flux. The shaded areas represent a bandwidth
of 180 MHz ≈ 3 × (κa + κc)/2, necessary to ensure a good
rotating wave approximation. The cut-off of the diplexer at
7.6 GHz is shown as the horizontal dashed line. The circuit
is biased at Φ/Φ0 ≈ 0.26, shown as a vertical dotted line.
A = (aS, bS, cS, aI*, bI*, cI*)>,
Ain = (a
S
in, b
S
in, c
S
in, a
I*
in, b
I*
in, c
I*
in)
>,
Aout = (a
S
out, b
S
out, c
S
out, a
I*
out, b
I*
out, c
I*
out)
>,
K = diag(
√
κa,
√
κb,
√
κc,
√
κa,
√
κb,
√
κc),
Kext = diag(
√
κexta ,
√
κextb ,
√
κextc ,
√
κexta ,
√
κextb ,
√
κextc ),
H = diag(
√
ηa,
√
ηb,
√
ηc,
√
ηa,
√
ηb,
√
ηc),
(S1)
where ηj = κ
ext
j /κj . Note that, as in [1], we study here
the dynamics of the expectation values of the field oper-
ators, defining aS ≡ 〈aˆS〉 and aI* ≡ 〈aˆI†〉 (and similarly
for bS, bI*,cS and cI*).
The Equations of Motion (EoM) can be expressed as
KMKA = iKextAin, whereM is the mode-coupling ma-
trix:
M =

∆Sa βab βac 0 0 0
β∗ab ∆
S
b βbc 0 βbb 0
β∗ac β
∗
bc ∆
S
c 0 0 0
0 0 0 −∆Ia∗ −β∗ab −β∗ac
0 −β∗bb 0 −βab −∆Ib
∗ −β∗bc
0 0 0 −βac −βbc −∆Ic∗
 .
(S2)
The diagonal elements are the normalized complex
detuning terms ∆S,Ij = (ω
S,I
j − ωj)/κj + i/2 and the
 
 
 
 
circulation
between
idlers
circulation
between
signals
phase
sensitive
amplification
FIG. S3. Mode coupling graphs. (a) The full graph for the
phase-sensitive directional amplifier. (b) Reduced graph eval-
uated at zero pump detuning. This graph is equivalent to that
in (a), with the upper triangle of the original graph included
as an effective self-loop of mode b.
off-diagonal elements are the normalized coupling terms
βjk = gjk/(2
√
κjκk) between mode j and k, with j, k ∈
{a, b, c}. Each gjk = |gjk| eφjk is the parametrically in-
duced coupling rate, proportional to the amplitudes of
the pump with frequency ωpjk and phase φjk.
We emphasize the block structure of M, which reflects
the coupling networks in Fig. S3a and frequency space
diagram in Fig. S6(c,d): the diagonal blocks correspond
to circulation between signals or between idlers, and the
anti-diagonal blocks correspond to amplification between
signal and idler of mode b.
Solving these EoM yields the scattering matrix S, de-
fined as Aout = SAin:
S = iHM−1H− 1. (S3)
We now derive analytical expressions for the scattering
parameters when all four pumps are on resonance (that
3is ωpab = ωb − ωa, ωpbc = ωc − ωb, ωpac = ωc − ωa, and
ωpbb = 2ωb). The resonance conditions mean −∆I∗j = ∆Sj ,
so the matrix M from Eq. S2 becomes much simpler. To
simplify notations we will omit in the following the signal
and idler superscript for the detuning terms ∆S,Ij → ∆j .
We are most interested in the 4 × 4 scattering matrix
between the signal and idler modes in the “input” mode
c and “output” mode a. We can write some of these
scattering elements compactly as
SaSaS =
iηaC
|M|
(
∆effb ∆c − |βbc|2
)− 1, (S4)
ScScS =
iηcC
|M|
(
∆effb ∆a − |βab|2
)− 1, (S5)
SaI*aS =
iηa
|M|β
∗
bb
(
β2bcβ
∗2
ac − β∗2ab∆2c
)
, (S6)
ScI*cS =
iηc
|M|β
∗
bb
(
β2acβ
∗2
ab − β2bc∆2a
)
, (S7)
SaScS =
i
√
ηaηcC
|M|
(
βabβbc − βac∆effb
)
, (S8)
ScSaS =
i
√
ηaηcC
|M|
(
β∗abβ
∗
bc − β∗ac∆effb
)
, (S9)
SaI*cS =
i
√
ηaηc
|M| βbb (βab∆c − βacβ
∗
bc) (β
∗
bc∆a + βabβ
∗
ac) .
(S10)
where
C = ∆a∆b∆c − |βbc|2∆a − |βac|2∆b − |βab|2∆c
− βabβbcβ∗ac − β∗abβ∗bcβac (S11)
is the determinant of the aI* → bI* → cI* loop, and ∆effb
is an effective detuning for the field amplitude bS that
includes the dynamics of all the idler fields (i.e. reducing
out the upper triangle in Fig. S3a to obtain Fig. S3b):
∆effb = ∆b +
|βbb|2
C
(
∆a∆c − |βac|2
)
. (S12)
SaSaS and ScScS are the reflection coefficient off of mode
a and c respectively. SaScS and ScSaS are respectively the
forward and reverse gain and SaI*cS is the forward idler
gain.
Imposing the condition SaI*aS = ScI*cS = 0 on reso-
nance (that is, no transmission from signal to idler of
the same resonance), we find |βab| = |βbc|, |βac| = 1/2
and φloop = φab + φbc − φac = ±pi/2. In the following,
we choose φloop = pi/2 to fix the direction of circulation
from cS → bS → aS. Substituting these conditions into
the scattering parameters above, and evaluating on reso-
nance (∆j = i/2), we can calculate the scattering matrix
for the reduced basis (aS, cS, aI*, cI*) as
Sac =

ηa − 1 −i
√
GS 0 −eiφbb
√
GI
i
√
ηaηc ηc − 1 0 0
0 −e−iφbb√GI ηa − 1 i
√
GS
0 0 −i√ηaηc ηc − 1
 ,
(S13)
where √
GS =
√
ηaηc
2s+ r2 − 1
1− r2 , (S14)√
GI =
√
ηaηc
2rs
1− r2 , (S15)
and
s =
4|βab|2
1 + 4|βab|2 , (S16)
r =
2|βbb|
1 + 4|βab|2 , (S17)
with 0 ≤ r, s ≤ 1.
Note the differences between Eq. S13 and the corre-
sponding equation Eq. 3 in the main text. In the main
text we simplified Sac by writing only the magnitude of
the matrix elements, and used a reduced basis that ex-
cludes the idlers.
B. Scattering parameters in the quadrature basis
We rotate from the mode basis A, Ain, Aout to the
quadrature basis X = UA, Xin = UAin, X
out = UAout
where U is the unitary matrix
U =
1√
2

1 0 0 1 0 0
−i 0 0 i 0 0
0 1 0 0 1 0
0 −i 0 0 i 0
0 0 1 0 0 1
0 0 −i 0 0 i
 (S18)
and
X = (Xa, Xb, Xc, Ya, Yb, Yc)
>,
Xin = (Xa,in, Xb,in, Xc,in, Ya,in, Yb,in, Yc,in)
>,
Xout = (Xa,out, Xb,out, Xc,out, Ya,out, Yb,out, Yc,out)
>.
(S19)
The scattering matrix in the quadrature basis, Q, de-
fined as Xout = QXin, is Q = USU
−1. To line up the
quadrature definitions with the phase-sensitive gain, we
choose φbb = −pi/2. The scattering matrix for the re-
duced quadrature basis (Xa, Ya, Xc, Yc) is then:
Qac =

ηa − 1 0 0
√
GX
0 ηa − 1 −
√
GY 0
0 −√ηaηc ηc − 1 0√
ηaηc 0 0 ηc − 1
 , (S20)
where√
GX =
√
GS +
√
GI =
√
ηaηc
(
2s
1− r − 1
)
, (S21)
4and√
GY =
√
GS −
√
GI =
√
ηaηc
(
2s
1 + r
− 1
)
. (S22)
Note that in the main text we simplified Qac (Eq.6)
by writing only the magnitude of the matrix elements of
Eq. S20.
The product of the two quadrature gains is
√
GXGY = ηaηc
(
1− 4s 1− s
1− r2
)
. (S23)
The two free parameters, r and s, are determined by
the two remaining free coupling rates |βbb| and |βab| =
|βbc|. Ideal squeezing, corresponding to GXGY = 1 [2], is
achieved in the limit ηa = ηc = 1 and s = 1, i.e. |βab| =
|βbc| → ∞.
C. Amplifier Output Noise
To compute the output noise of the amplifier, we apply
the scattering matrix to general input states that includes
vacuum fluctuations and thermal contributions at every
port. To that end we redefine here the vectors of field
and quadrature amplitudes to be vectors of operators,
ensuring the proper commutation relations. The output
covariance matrix in terms of the field quadratures is
〈X†outX>out〉 = U∗S∗〈A†inA>in〉SU, (S24)
where the input covariance matrix 〈A†inAin>〉 is diago-
nal with elements determined by the input thermal state
occupancies. While general analytical solutions exist, it
is more useful to look at relevant limits. Evaluating the
quadrature output noise on resonance for lossless modes
with vacuum-state inputs, we find
〈X†a,outXa,out〉 = GX
[
1
2
+ nFPJAadd
]
, (S25)
where the added noise nFPJAadd can be written in terms of
GX and |βab| as
nFPJAadd =
1
8|βab|2
(
1 +G
− 12
X
)2
. (S26)
For large gain, the added noise is determined by the cou-
pling strength to the b mode. For the minimal added
noise, |βab| = |βbc| must be maximized either by taking
κb → 0 or gab, gbc →∞. However, gab and gbc are limited
by the stability of the amplifier.
As described in Appendix B.4 and B.5 of [1], a more
complete model can be obtained by generalizing the scat-
tering matrix to a 12 × 12 matrix that includes internal
ports for each mode.
D. Amplifier Stability
For the Langevin equations of motion to be stable, all
the eigenvalues of the Langevin matrix M need to have
a negative real part corresponding to damping. In the
ideal resonant case, neglecting internal loss, and under
the conditions |βac| = 1/2 and |βab| = |βbc|, the charac-
teristic polynomial P (λ) = |M(ω = iλ)| takes on a rather
simple form:
P = P+P− + bφ, bφ = κ2aκ
2
bκ
2
c |βab|2cos2φloop (S27)
where polynomials P± are of third order and indepen-
dent of the loop phase:
P± = λ3 + b±1 λ3 + b±2 λ2 + b±3 (S28)
with
b±1 =
κb
2
(1∓ 2βbb) + κa + κc
2
,
b±2 =
κb(κa + κc)
4
(
4|βab|2 + 1∓ 2βbb
)
+
κaκc
2
,
b±3 =
κaκbκc
4
(
4|βab|2 + 1∓ 2βbb
)
.
(S29)
The Langevin equations of motion are stable if all these
coefficients are positive [3]. We notice that b−1,2,3 > 0 and
bφ = 0 for φloop = ±pi/2. Solving b+1,2,3 > 0 gives the
following conditions:
βbb <
1
2
+ 2|βab|2,
βbb <
1
2
+
κa + κc
2κb
,
βbb <
1
2
+ 2|βab|2 + κaκc
κb (κa + κc)
.
(S30)
The first condition corresponds to the pole r = 1 in
the gain equations (Eq. S21), therefore the second and
last conditions must be less restrictive than the first one.
This implies |βab|2 < (κa + κc)/4κb and therefore gbb <
κa + κb + κc. The latter condition has a simple physical
interpretation: the parametric amplification rate cannot
be greater than the total dissipation rate of the three
modes.
The upper limit on |βab| sets the limits on the amount
of squeezing, added noise and efficiency:
√
GY >
κb
κa + κb + κc
(S31)
nFPJAadd >
κb
2 (κa + κc)
(S32)
η <
κa + κc
κa + κb + κc
(S33)
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FIG. S4. Region of instability as a function of the amplifier
direct gain. Below a gain of ≈ 6 dB, the amplifier is stable
for all loop phases. At higher gain the region of instability
grows and approaches the loop phases φloop = ±pi/2 at which
the amplifier is directional.
We observe experimentally this instability by measur-
ing the scattering parameters of the amplifier as a func-
tion of the loop phase φloop and the direct gain. The
region of instability is shown in Fig. S4. When the direct
gain of the amplifier exceeds ≈ 6 dB, a region of para-
metric oscillations appears around φloop = 0. This region
grows with the gain, approaching at high gain the loop
phases φloop = ±pi/2 at which the amplifier is directional.
Comparison with theory remains a work in progress and
involve finding the roots of the characteristic polynomial
P in the more general case of arbitrary pump strengths,
frequencies, and phases.
III. DYNAMIC RANGE
The dynamic range of the amplifier is similar to that
of a regular Josephson Parametric Amplifier of similar
bandwidth and non-linearity. In Fig. S5, we compare
the input power at the 1 dB compression point when
the FPJA is programmed as a directional phase-sensitive
amplifier (in red) or a regular phase-sensitive amplifier (in
green). The latter is achieved by using a single pump at
ωpaa = 2ωa, leading to phase-sensitive gain around mode
a. The 1 dB compression point is shown as a function
of Gs(r) − Gs(0), i.e. of the direct gain relative to the
scattering amplitude when the amplifier’s gain pump is
off (pump at ωpaa or ω
p
bb). This accounts for internal losses
and frequency conversion losses for s < 1. The solid
green and red lines are linear fits, with respective slope
of −1.5 dBm/dB and −1.3 dBm/dB.
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FIG. S5. Dynamic range. Input power at the 1 dB com-
pression point, as a function of gain, for two modes of oper-
ation of the FPJA. In green, the FPJA is programmed using
a single pump at ωpaa = 2ωa, leading to phase-sensitive gain
around mode a. In red, the FPJA is programmed as a di-
rectional phase-sensitive amplifier, as described in the main
text. The gain is defined as GS(r)−GS(0), to account for in-
ternal losses and frequency conversion losses at finite s. The
solid green and red line are linear fit, with respective slope of
−1.5 dBm/dB and −1.3 dBm/dB.
IV. AMPLIFIER TUNING
As discussed in the main text, the device is pro-
grammed in four steps. We describe here in more de-
tail these steps and we show the corresponding measured
scattering parameters in Fig. S6.
• First each frequency conversion pump is individu-
ally calibrated to produce ideal conversion, βjk =
1/2. In Fig. S6(a) we show the example of the scat-
tering parameters for the case of frequency conver-
sion between modes a and c. We observe near-ideal
transmission and low reflection.
• Second, all three frequency conversion pumps are
turned on. As discussed in detail in [1], this
pump configuration creates a parametric circula-
tor, whose circulation direction is set by the sum
of the pump phases, i.e. loop phase, φloop =
φab+φbc−φac. In Fig. S6(b), we show the scattering
parameters between modes a and c for φloop = pi/2.
We observe unity transmission from a to c and iso-
lation up to 30 dB in the reverse direction. Both
modes are still impedance matched, with low re-
flection coefficients.
• Third, the strength of the frequency conversion
pumps to mode b, βab and βbc, are increased in
order to overwhelm the loss of mode b, maintain-
ing |βab| = |βbc|, see Fig. S6(c). This effectively
yields high reflection off of mode b (not shown) and
the scattering parameters resemble the case of the
6lossless JPA on a circulator in absence of gain. We
still observe unity transmission from a to c, but the
device is almost reciprocal again, with only about
3 dB of isolation in the reverse direction (set by
the value of s = 0.8). Importantly, this pump con-
figuration sets the gain-bandwidth product of the
amplifier, set by the width of modes a and c, and
mostly independent of the width of mode b (in the
limit κb  κa, κc)
• Finally, the amplification pump is turned on and
corresponding scattering are show in Fig. S6(d)
(same data than Fig. 2, over a wider frequency
span). Gain from c to a grows, while unity trans-
mission is preserved from mode a and c. Impedance
matching is maintained, over a narrower band-
width.
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FIG. S6. Device tuning. The directional phase-sensitive amplifier is tuned in four steps. (a) Frequency converter. A pump
at ωpac = |ωc − ωa| enables near ideal frequency conversion between modes a and c. (b) Isolator. Two additional pumps at
ωpab = |ωb − ωa| and ωpbc = |ωc − ωb|, couple the modes a and c to mode b at a rate matching its dissipation. The device
behaves as an isolator, with the loop phase set to have unity transmission from mode a to mode c and high isolation in the
reversed direction. (c) Mismatched isolator. The coupling rates to mode b are increased to overwhelm its dissipation, leading
to almost full reflection off of mode b. Impedance matching and unity transmission from mode a to mode c are maintained but
isolation in the reversed direction is reduced. This will ensure a low added noise when operated as an amplifier. (d) Directional
phase-sensitive amplifier at high gain. A pump at ωpbb = 2ωb induces gain from mode c to mode a.
